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In biorthogonal quantum mechanics, the eigenvectors of a quasi-Hermitian operator and those of
its adjoint are biorthogonal and complete and the probability for a transition from a quantum state
to any one of these eigenvectors is positive definite. We apply this formalism to the long standing
problem of the position observable in quantum field theory. The dual bases are positive and negative
frequency one-particle states created by the field operator and its conjugate and biorthogonality is
a consequence of their commutation relations. In these biorthogonal bases the position operator is
covariant and the Klein-Gordon wave function is localized. We find that the invariant probability
for a transition from a one-photon state to a position eigenvector is the first order Glauber corre-
lation function, bridging the gap between photon counting and the sensitivity of light detectors to
electromagnetic energy density.
I. INTRODUCTION
Many applications and tests of quantum mechanics
(QM) involve photons and some require a basis of pho-
ton position eigenvectors [1]. In spite of its potential for
direct application to experiment, it has been concluded
that there is no position observable or completeness rela-
tion for photons [2, 3]. In the assumed absence of photon
number density, energy density is used to define the pho-
ton wave function as the positive frequency part of the
Riemann-Silberstein vector F ∝ E±icB [4–7]. But a con-
sistent one-particle theory and position observable does
exist for Klein-Gordon (KG) particles [8, 9]. We will
show here that this solution to the relativistic position
observable problem can be extended to photons.
The KG field is sometimes used as a simple model
of a photon, for example in curved space [10]. The ze-
roth component of the conventional KG four-current den-
sity that equals the difference between its particle and
antiparticle parts leads to an indefinite scalar product
unless the KG field is limited to positive frequencies.
The positive frequency part of the four-current density is
sometimes interpreted as particle number density but it
can still be negative if components with two or more dif-
ferent frequencies are added [11–13]. However, if the KG
scalar product is recognized as a pseudo-scalar product
within the framework of pseudo-Hermitian QM [9], a pos-
itive definite particle density is obtained. This can be ex-
tended to an arbitrary linear combination of positive and
negative frequency terms if a new scalar product is de-
fined in which the particle and antiparticle contributions
are added [8, 9, 14, 15]. Moreover, Hegerfeldt’s theorem
tells us that restriction to positive frequencies leads to in-
stantaneous spreading of a particle’s wave function [16],
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so negative frequencies are needed to obtain a causally
evolving particle density. A photon, like a neutral KG
particle, is its own antiparticle so these advances in our
understanding of KG particle density are very relevant
to our goal here, which is to obtain analogous results for
photons.
The KG wave function derived in [9] is the projection
of a particle’s state vector onto the eigenvectors of the
Newton Wigner (NW) position operator [17]. NW found
a position operator for KG particles, but they concluded
that the only photon position operator is the Pryce op-
erator whose vector components do not commute [18],
making the simultaneous determination of photon posi-
tion in all three directions of space impossible. They had
assumed spherically symmetrical position eigenstates for
photons, while photon position eigenvectors have an axis
of symmetry like twisted light [19]. Following the NW
method with omission of the spherical symmetry axiom,
a photon position operator with commuting components
and eigenvectors that are cylindrically symmetrical in k-
space can be constructed [20]. Since spin and orbital an-
gular momentum are not separately observable [21], its
eigenvectors have only definite total angular momentum
along some fixed but arbitrary axis [22].
Here all calculations will be performed in the physical
Hilbert space of solutions to the wave equation using a
scalar product of the form derived in [9] and biorthogonal
QM [24] summarized here as follows: The eigenvectors of
a quasi-Hermitian [25] operator Oˆ and its adjoint Oˆ† are
not orthogonal, as is the case for conventional Hermitian
operators, but biorthogonal. This means that, given the
eigenvector equations
Oˆ|ωi〉 = ωi|ωi〉, (1)
Oˆ†|ω˜j〉 = ωj |ω˜j〉 (2)
we have 〈ω˜j |ωi〉 = δji〈ω˜i|ωi〉 and the completeness re-
lation 1̂ =
∑
i |ωi〉 〈ω˜i| /〈ω˜i|ωi〉. An arbitrary state |ψ〉
has an associated state
∣∣∣ψ˜〉. If an arbitrary state vector
2is expanded as |ψ〉 = ∑i ci |ωi〉 in the Hilbert space H
then in biorthogonal QM its associated state is
∣∣∣ψ˜〉 =∑
i ci |ω˜i〉 ∈ H∗ where ci = 〈ω˜i|ψ〉 =
〈
ωi|ψ˜
〉
. Us-
ing these expansions it is straightforward to verify that〈
ψ˜1|ψ2
〉
=
〈
ψ1|ψ˜2
〉
. The probability for a transition
from a quantum state |ψ〉 to an eigenvector |ω˜i〉 of Oˆ† is
pi =
|〈ω˜i|ψ〉|2〈
ψ˜|ψ
〉
〈ω˜i|ωi〉
. (3)
A generic operator can be written in the form
F̂ =
∑
i,j
fij |ωi〉 〈ω˜j | (4)
where fij can be viewed as a matrix [24]. In Section III
we will apply this formalism to the biorthogonal position
eigenvectors |φ (x)〉 = φ̂ (x) |0〉 and
∣∣∣φ˜ (x)〉 = |π (x)〉 =
π̂ (x) |0〉 where xµ = (ct,x) , φ̂ (x) is a field operator,
π̂ (x) is its conjugate momentum operator, and |0〉 is the
vacuum state.
The rest of this paper is organized as follows: In Sec-
tion II KG wave mechanics, with the field rescaled here
to facilitate application to particles with zero mass, is re-
viewed. In Section III biorthogonality of the one-particle
states created by the field operator and its conjugate mo-
mentum are examined and the covariant position opera-
tor and positive definite probability density are derived.
A second quantized formalism is used to facilitate future
application to multiparticle problems such as entangle-
ment. In Section IV the KG position observable dis-
cussed in Sections II and III is extended to photons. In
Section V the wave function of the photon emitted by an
atom is discussed and in Section VI we conclude.
The configuration space scalar field and four-potential
will be called φ (x) and Aµ (x). State vectors such
as |ψ (t)〉 and position eigenvectors such as |φ (x)〉 and
|Eλ (x)〉 introduced in Sections III and IV are given as
expansions in Fourier space. The function ψ (x) used in
[9, 27] to represent the scalar field will be reserved for the
wave function that equals the projection of a particle’s
state vector onto a basis of position eigenvectors. The
KG and photon wave functions, ψ (x) and ψ⊥ (x) respec-
tively, are proportional to probability amplitudes, with
units that differ from those of φ (x), Aµ (x) and their
spacetime derivatives.
II. KLEIN-GORDON WAVE MECHANICS
We will start with a review of the KG position observ-
able problem. The KG equation
∂µ∂
µφ (x) +
m2c2
~2
φ (x) = 0 (5)
describes charged and neutral particles with zero spin
(pions). Here covariant notation and the mostly mi-
nus convention are used in which xµ = x = (ct,x) ,
∂µ = (∂ct,∇) , m is the mass of the KG particle, c is the
speed of light, 2π~ is Planck’s constant and f1
←→
∂ µf2 ≡
f1 (∂µf2)−(∂µf1) f2. The function φ (x) is any scalar field
that satisfies the KG equation (5). The four-density
JµKG (x) = igφ (x)
∗←→
∂ µφ (x) , (6)
satisfies a continuity equation. Plane wave normal mode
solutions to (5) proportional to exp (−iωt) are referred
to as positive frequency solutions, while those propor-
tional to exp (iωt) are negative frequency. Completeness
requires that both positive and negative frequency modes
be included. Their contributions to J0KG (x) are of oppo-
site sign, so J0KG (x) is interpreted as charge density and
the quantity g in (6) is set equal to qc/~ for particles of
charge q.
If only particles, as opposed to both particles and an-
tiparticles, are to be considered, then the KG field can be
restricted to positive frequencies and the scalar product
[10]
(φ1, φ2)KG =
i
~
∫
t
dxφ1 (x)
∗←→
∂ tφ2 (x) (7)
is positive definite. Here t denotes a spacelike hyperplane
of simultaneity at instant t. The integrand of (7) looks
like a particle density but this is misleading since, as
noted in the Introduction, J0KG (x) is not positive definite
for positive frequency fields.
The problem of a probability interpretation for KG
particles has a long history. Lack of a probability inter-
pretation led Dirac to derive his celebrated equation for
spin half particles, but this does not solve the problem for
KG fields. In a seminal paper intended to clarify the con-
fusion about relativistic wave mechanics, Feshbach and
Villars reviewed the two component formalism that sep-
arates the wave function into its particle and antiparticle
parts for charged or for neutral particles [27]. Since then
various strategies have been employed to derive a positive
definite probability density. The four-current density can
be redefined so that its zeroth component is positive def-
inite [28], but this construction has no apparent physical
basis and it fails if m = 0 [29]. It has been proposed
that for charged pions only positive definite eigenstates
of the Hamiltonian are physical [30]. A new Jµ (x) was
derived that does not require separation of the field into
positive and negative frequency parts [31] so it can be
applied to the real fields that describe neutral pions. If
φ (x) is restricted to positive frequencies it reduces to (6)
so this Jµ (x) that describes an arbitrary linear combina-
tion of positive and negative frequency fields, including
real fields, will be used here.
Working in the two component formalism with a
pseudo-Hermitian Hamiltonian Mostafazadeh [9] defined
the positive-definite Hermitian operator
D̂ ≡ −∇2 +m2c2/ℏ2 (8)
3in terms of which the KG equation is
(
D̂ + ∂2ct
)
ψ = 0.
He derived the conjugate field
φc (x) = iD̂
−1/2∂ctφ (x) (9)
such that if φ = φ++φ− then φc = φ
+−φ−. This implies
that φc is a scalar. It is then straightforward to verify
that φc satisfies the KG equation and that
Jµ (x) =
i
~
φ (x)
∗←→
∂ µφc (x) (10)
satisfies the continuity equation ∂µJ
µ = 0. Up to a con-
stant that just scales Jµ, (10) is the expression derived
in [31]. Like (6) Jµ (x) is manifestly covariant. It was
proved in [9, 31] that the scalar product
(φ1, φ2) =
i
~
∫
t
dxφ1 (x)
∗←→
∂ tφ2c (x) (11)
is positive definite, time independent and can be written
in covariant form as
(φ1, φ2) =
i
~
∫
n
dσnµφ1 (x)
∗←→
∂ µφ2c (x) (12)
where n is an arbitrary spacelike hyperplane with normal
nµ, in other words, it is a Cauchy surface. The infinites-
imal volume elements dσ ≡ dx are invariant. When re-
stricted to positive frequencies (10) reduces to (6) and
(11) reduces to (7). Using (5), (9) and φc = φ
+ − φ−,
the scalar product (11) can be written as
(φ1, φ2) =
2c
~
∑
ǫ=±
〈
φǫ1|D̂1/2φǫ2
〉
(13)
where
〈χ1|χ2〉 =
∫
dxχ∗1 (x)χ2 (x) . (14)
The non-relativistic Hilbert space is the vector space
of square integrable continuous functions with the scalar
product (14). In the relativistic Hilbert space the scalar
product used here is (13). These scalar products can
be evaluated in configuration space or in k-space. The
covariant Fourier transform is
φǫ (x) =
∫
dk
(2π)3 2ωk
πǫ (k) e−iǫ(ωkt−k·x). (15)
Since φǫ (x) is a scalar and dk /
[
(2π)
3
2ωk
]
is invariant,
πǫ (k) ∈ H∗ is a scalar, analogous to the transformation
properties of photons [23]. For ωk =
√
k2c2 +m2c4/~2
the function φǫ (x) satisfies the KG equation and (13) can
be written as
(φ1, φ2) =
1
~
∑
ǫ=±
∫
dk
(2π)
3
2ωk
πǫ∗1 (k)π
ǫ
2 (k) . (16)
In the biorthogonal formalism the bases
{
φǫxj (k)
}
={
πǫxj (k) /ωk
}
∈ H and
{
πǫxj (k)
}
∈ H∗ are biorthog-
onal and complete and the Hermitian adjoint of an oper-
ator is its complex conjugate transpose [24]. Since the
scalar product (13) is positive definite, standard QM
can be recovered if a nontrivial metric operator 〈.|Θ.〉
is introduced [26]. In this metric formulation the ba-
sis is
{
πǫxj (k)
}
and operators are Hermitian. With the
flat metric 〈.|.〉 operators representing observables can
be non-Hermitian with biorthogonal eigenvectors. The
norm and orthogonality of the elements of the Hilbert
space and the concept of Hermiticity are determined by
the definition of scalar product. Newton and Wigner
defined the KG fields πǫxj (k) ∝ e−ik·xjω
1/2
k that satisfy
(φ1, φ2) ∝ δ (x1 − x2) and are eigenvectors of the posi-
tion operator i∇k− ic22ω2
k
k [17]. Hermiticity of the NW po-
sition operator with eigenvectors of this form is discussed
by Pike and Sarkar [32]. The NW position operator has
played a central role in the discussion relativistic parti-
cle position since its publication in 1949 [17], but this
operator is not covariant and its eigenvectors are not lo-
calized. We will show in the next section that the covari-
ant commutation relations are consistent with (13) and
that the formalism of biorthogonal QM leads to a covari-
ant position operator. A second quantized version of the
biorthogonal formulation in [24] will be used to facilitate
applications in quantum optics and understanding of the
relationship of the classical wave equation to quantum
field theory (QFT).
III. KG POSITION EIGENVECTORS
In QFT particles are created at a point in spacetime
by a field operator or its canonical conjugate. The in-
teraction picture (IP) scalar field operators φ̂ (x) and
π̂ (x) = ∂tφ̂ (x) will be written as
φ̂ (x) =
√
~
∫
dk
(2π)
3
2ωk
ei(ωkt−k·x)â† (k) + H.c., (17a)
π̂ (x) = i
√
~
∫
dk
(2π)
3
2
ei(ωkt−k·x)â† (k) + H.c. (17b)
where H.c. is the Hermitian conjugate and the covariant
normalization condition is [33][
â (k) , â† (q)
]
= (2π)
3
2ωk δ (k− q) . (18)
On the t hyperplane the field operators satisfy the com-
mutation relations[
φ̂ (x) , π̂ (y)
]
= i~δ (x− y) . (19)
If the vacuum state |0〉 is defined by the condition
∀kâ (k) |0〉 = 0 then the field operators create one-
particle states in this vacuum. In the IP the basis vec-
tors are time dependent [21]. To accomodate positive
4and negative frequency wavefunctions, ǫ = ± states will
be defined as
|φǫ (x)〉 =
√
~
∫
dk
(2π)
3
2ωk
eiǫ(ωkt−k·x) |1k〉 , (20a)
|πǫ (x)〉 =
√
~
∫
dk
(2π)
3
2
eiǫ(ωkt−k·x) |1k〉 , (20b)
where |φ+ (x)〉 ≡ φ̂− (x) |0〉 and |πǫ (x)〉 ≡ cD̂1/2 |φǫ (x)〉
so that the phase factor i is absorbed into the bases and
i∂t |πǫ (x)〉 = −ǫcD̂1/2 |πǫ (x)〉 . (21)
With these definitions 〈π+ (x) |ψ+〉 is positive frequency
while〈
π− (x) |ψ−〉 = 〈π+ (x) |ψ+〉∗ = 〈ψ+|π+ (x)〉 (22)
is negative frequency where ǫ = + refers to a particle
arriving from the past and absorbed on n, while ǫ = −
refers to a particle emitted on n and propagating into the
future. These basis vectors are biorthogonal in the sense
that 〈
πǫ (x) |φǫ′ (y)
〉
=
~
2
δn (x− y)δǫǫ′. (23)
The notation δn (x− y) is defined to select x and y such
that xµ = yµ on the hyperplane with normal nµ. Since
|φǫ (x)〉 and |πǫ (x)〉 are biorthogonal, they satisfy the
completeness relation
1̂ =
2
~
∑
ǫ=±
∫
dx |φǫ (x)〉 〈πǫ (x)| (24)
where the factor 2/~ is due to normalization (see (23)).
There is a direct correspondence between the scalar
product (13) and the vacuum expectation value of the
QFT commutator. Substitution of (20b), (21) and (22)
in the vacuum expectation value of (19) gives
〈φ (x) |π (y)〉 =
〈
0
∣∣∣φ̂+ (x) π̂− (y)− π̂+ (y) φ̂− (x)∣∣∣ 0〉
=
〈
φ+ (x) |π+ (y)〉+ 〈π+ (y) |φ+ (x)〉
=
〈
φ+ (x) |π+ (y)〉+ 〈φ− (x) |π− (y)〉 .
(25)
On the t hyperplane events xµ = (ctx,x) and y
µ =
(cty,y) appear simultaneous but an inertial observer with
velocity cβ will see these events as time ordered. Since
the Fourier space integrand of 〈φ+ (x) |π+ (y)〉 is propor-
tional to e−iωk(tx−ty) while that of 〈π− (y) |φ− (x)〉 will be
seen as proportional to eiωk(tx−ty), if tx > ty the first term
is positive frequency (ǫ = +) while the second is negative
frequency (ǫ = −). This assignment is not unique, since
an observer with velocity −cβ will see the opposite time
order. Thus the covariant scalar product (25) should be
a sum over ǫ = ±, consistent with (13) but inconsistent
with (7). Based on (25) or (12) a particle is either emit-
ted or absorbed at x on n and there are no ǫ = +/ǫ = −
cross terms in the scalar product.
It can be verified by substitution that the basis states
(20) are eigenvectors of a position operator of the form
(4),
x̂ =
2
~
∑
ǫ=±
∫
dx x |φǫ (x)〉 〈πǫ (x)| , (26)
and its adjoint, that is
x̂ |φǫ (x)〉 = x |φǫ (x)〉 , (27a)
x̂† |πǫ (x)〉 = x |πǫ (x)〉 , (27b)
consistent with their biorthogonality. Any one-particle
state can therefore be projected onto the position bases
as
|ψ (t)〉 = 1̂ |ψ (t)〉
=
2
~
∑
ǫ=±
∫
dx |φǫ (x)〉 〈πǫ (x) |ψ (t)〉 , (28a)
∣∣∣ψ˜ (t)〉 = 1̂ ∣∣∣ψ˜ (t)〉
=
2
~
∑
ǫ=±
∫
dx |πǫ (x)〉
〈
φǫ (x) |ψ˜ (t)
〉
. (28b)
The wave function
ψǫ (x) = 〈πǫ (x) |ψ (t)〉 (29)
completely describes the one-photon state |ψ (t)〉 in the
{|φǫ (x)〉} basis of position eigenvectors. It may have
positive frequency and negative frequency components.
According to the rules of biorthogonal QM outlined in
Section I we have the equality〈
φǫ (x) |ψ˜ (t)
〉
= 〈πǫ (x) |ψ (t)〉 . (30)
Using (23), (28) and (30) the squared norm of |ψ (t)〉 ,
〈
ψ|ψ˜
〉
=
2
~
∑
ǫ=±
∫
dx |〈πǫ (x) |ψǫ (t)〉|2 , (31)
and the probability density,
pǫ (x) =
2
~
〈
ψ|ψ˜
〉 |〈πǫ (x) |ψ (t)〉|2 , (32)
are positive definite. It is the invariant p (x) given
by (32), not the zeroth component of the four-current,
J0 (x) , that describes particle density.
Since this application of biorthogonal QM is based on
an invariant scalar, product the QM that it describes is
covariant. In particular, the wave function of a plane
wave, |1k〉 , is 〈1k|1q〉 = (2π)3 2ωk δ (k− q) in Fourier
space and 〈φ (x) |1q〉 =
√
~e−i(ωkt−q·x) in configura-
tion space and a localized state, |φ (y)〉 , is 〈1k|φ (y)〉 =√
~ei(ωkt−k·y) in Fourier space and 〈π (x) |φ (y)〉 =
5~
2 δn (x− y) in configuration space. Eqs. (24) and (26)
can be generalized to
1̂ =
2
~
∫
dσ |φ (x)〉 〈−iǫnµ∂µφ (x)| , (33)
x̂i =
2
~
∫
dσxi |φ (x)〉 〈−iǫnµ∂µφ (x)| (34)
respectively where xµn
µ = ct0 on the hyperplane with
normal nµ and t0 is the hyperplane of simultaneity [15,
34]. The matrix representing the position observable in
configuration space is
x̂i = 〈π (x) |x̂i|φ (y)〉n =
~
2
xiδn (x− y) (35)
where xi is on the n hyperplane.
The relationship of the relativistic position operator
to the nonrelativistic position operator i∇k and the NW
position operator can be seen by transforming to Fourier
space. The position operator (26) is in the IP while the
conventional position operator is time independent so it
is in the Schro¨dinger picture (SP). The unitary time evo-
lution operator that transforms states and operators from
the SP to the IP is, from (21), Û (t) = exp
(
−iǫD̂1/2t
)
.
Using x̂SP = Û x̂Û †and expanding in the biorothogonal
bases as in (4), the positive frequency part of the SP
position operator (26) is
x̂SP+ =
∫
dk
2 (2π)
3
∫
dq
2 (2π)
3∫
dx x e−ik·x
∣∣∣∣ 1kωk
〉
〈1q| eiq·x. (36)
Since
∫
dx eiq·xi∇ke−ik·x = 2 (2π)3 i∇kδ (q− k) [39],
x̂SP+ =
∫
dk
2 (2π)3
∣∣∣∣ 1kωk
〉
i∇k 〈1k| , (37)
x̂SP+ (k) = i∇k, (38)
so that i∇k is the position operator in the |1k/ωk〉 〈1k|
basis. When operating on e−ik·x it extracts the position
x where the particle was created. With positive definite
Hermian metric Θ the scalar product is 〈.|Θ.〉 and an
operator Ô is quasi-Hermitian if ΘÔ† = ÔΘ. Since ac-
cording to (26) x̂† = D̂1/2x̂D̂−1/2, the position operator
is quasi-Hermitian [26]. Defining S ≡ Θ1/2, the operator
ô = ô† = S−1Ô†S is Hermitian [26]. In (16) the metric is
Θ = ω−1k so S = ω
−1/2
k , the basis is
{
ω
−1/2
k |1k〉
}
and the
matrix representing the NW position operator [9, 17, 31],
x̂SPNW (k) = ω
1/2
k i∇kω−1/2k , (39)
is of the form ô† = S−1Ô†S for Ô† = x̂SP+ (k) where
ω
1/2
k i∇kω−1/2k = i∇k − ic
2
ω2
k
k. The factors ω
±1/2
k intro-
duce nonlocality into the configuration space description
of the position eigenvectors. These nonlocal factors also
appear in the expressions for the field operators in quan-
tum optics [3, 21, 22], but we see here that this non-
locality is not physical since it does not appear in the
covariant description of the position observable.
IV. PHOTONS
For photons the scalar field φ should be replaced
with the four-vector potential Aµ. Both Aµ∂
νAµ =
(Aµ∂ctA
µ, Aµ∇Aµ) and AνF νµ = (A · E/c,A×B) mul-
tiplied by iǫ0c/~ are candidates for the four-current den-
sity, F νµ = ∂νAµ− ∂µAν being the Faraday tensor. The
properties of an operator of the form iAνF
νµ were inves-
tigated in [40]. The Coulomb gauge condition ∇ ·A = 0
is not Lorentz invariant, but Aµ can be chosen to trans-
form as a Lorentz four-vector up to an extra term that
maintains the Coulomb gauge in all frames of reference
[41]. To avoid the complications associated with non-
physical longitudinal and scalar photons the Coulomb
gauge will be used here. In a source-free region in
the Coulomb gauge both Aµ∂
νAµ and AνF
νµ reduce to
(A⊥ ·E⊥/c,A⊥ ×B).
Following (10) we can define
Jµ (x) =
iǫ0c
~
∑
λ,i
Aλi (x)
∗←→
∂ µAλci (x) (40)
where Aλ is a transverse vector potential of helicity
λ that satisfies the classical Maxwell wave equation(
D̂ + ∂2ct
)
Aλ = 0 where m = 0 so D̂ = −∇2. The
conjugate field is Aλc ≡ iD̂−1/2∂ctAλ = A+λ −A−λ where
Aλ = A
+
λ +A
−
λ . It can then be verified by substitution
that (40) satisfies the continuity equation ∂µJ
µ (x) = 0.
As a consequence the scalar product
∫
σ
dσnµJ
µ (x) is
Lorentz invariant. The photon scalar product that re-
places (13) is
(A1, A2) =
2ǫ0c
~
∑
λ,ǫ,i
〈
Aǫ1λi|D̂1/2Aǫ2λi
〉
(41)
where A = Aµ = (0,A⊥).
For photons described in the Coulomb gauge, the
field operator is Â⊥ (x, t) and its canonical conjugate is
−ǫ0Ê⊥ (x, t) where Ê⊥ = −∂tÂ⊥ is the electric field op-
erator. The Fourier space spherical polar coordinates
will be called k, θk and φk and their corresponding
unit vectors ek, eθ and eφ. The definite helicity trans-
verse unit vectors are eλ (k) = (eθ + iλeφ) /
√
2 where
λ is helicity, and the longitudinal unit vector is ek.
The NW photon position operator with commuting com-
ponents can be written in Fourier space as [22] x̂ =
Ê
(
iω
1/2
k ∇kω−1/2k
)
Ê−1 where Ê is a rotation through
Euler angles to fixed reference axes. The basic idea is
the same as was used in the derivation of the NW posi-
tion operator in [9]; the position information is contained
6in the factor exp (ik · x) in the wave function but the fac-
tors ω
±1/2
k must be eliminated before the nonrelativistic
position operator i∇k can be used to extract this infor-
mation. For the transverse fields that describe photons
an additional unitary transformation Ê that rotates the
field vectors to axes fixed in space is needed. A posi-
tion eigenvector has a vortex structure like twisted light
[19, 22] with nonzero spatial extension in which the pho-
ton position eigenvalue x is the center of internal angular
momentum [34]. Here the NW-like position operator de-
rived in [20] will not be used, but the definite helicity
basis vectors eλ (k) that are defined for all k are still
needed to describe position eigenvectors.
Following the derivation in Section III, the IP photon
position operator is
x̂ =
2
~
∑
ǫ,λ=±
∫
dx x |Aǫλ (x)〉 · 〈Eǫλ (x)| , (42)
the position eigenvector equations are
x̂ |Aǫλ (x)〉 = x |Aǫλ (x)〉 , (43a)
x̂† |Eǫλ (x)〉 = x |Eǫλ (x)〉 (43b)
and position basis states are
|Aλ (x)〉 ≡ Â−λ (x) |0〉 , (44a)
|Eλ (x)〉 ≡ cD̂1/2Â−λ (x) |0〉 . (44b)
Here the potential operator reads
Â−λ (x) =
√
~
ǫ0
∫
dk
(2π)3 2ωk
eλ (k) e
−i(k·x−ωkt)aˆ†λ (k) .
(45)
The Fourier space canonical commutation relations and
orthogonality relations are[
âλ (k) , â
†
σ (q)
]
= (2π)
3
2ωk δ (k− q) δλσ, (46a)
〈1λ,k|1σ,q〉 = (2π)3 2ωk δ (k− q) δλσ, (46b)
where |1λ,k〉 ≡ a†λ (k) |0〉 .
With ǫ = ± states defined as in Section III, the photon
position eigenvectors are biorthogonal since their commu-
tation relations imply that
3∑
i=1
〈
Eǫλi (x) |Aǫ
′
σi (y)
〉
=
~
2ǫ0
δn (x− y)δλσδǫǫ′ (47)
where the subscripts i denote Cartesian components of
the three-vectors and ǫ = + for absorption at x while ǫ =
− for emission at x. For these position eigenvectors the
scalar product (41) is (Aǫλ (x) , A
ǫ
σ (y)) = δn (x− y)δλσ.
For free photons described by transverse fields the com-
pleteness relation is
1̂⊥ =
2ǫ0
~
∑
ǫ,λ=±
∫
dx |Aǫλ (x)〉 · 〈Eǫλ (x)| (48)
where we have defined
|Aǫλ (x)〉 · 〈Eǫλ (x)| ≡
3∑
i=1
|Aǫλi (x)〉 〈Eǫλi (x)| . (49)
The identity operator 1̂⊥ on the space of transverse pho-
tons is closely connected to the so-called ‘transverse Dirac
delta’ of QED [21]. For any transverse one-photon state
we can thence write
|ψ⊥ (t)〉 = 2ǫ0
~
∑
ǫ,λ=±
∫
dx |Aǫλ (x)〉·〈Eǫλ (x) |ψǫ (t)〉 (50)
and the wave function
ψǫλ (x) = 〈Eǫλ (x) |ψǫ (t)〉 =
〈
Aǫλ (x) |ψ˜ǫ (t)
〉
(51)
completely describes the one-photon state |ψ⊥ (t)〉 in ei-
ther basis of position eigenvectors. The dual state vector
is ∣∣∣ψ˜⊥ (t)〉 = 2ǫ0
~
∑
ǫ,λ=±
∫
dx |Eǫλ (x)〉 ·
〈
Aǫλ (x) |ψ˜ǫ (t)
〉
,
(52)
the squared norm is
〈
ψ⊥|ψ˜⊥
〉
=
2ǫ0
~
∑
ǫ,λ=±
∫
dx |ψǫλ (x)|2 (53)
and the probability density per photon for a transition
from |ψ⊥ (t)〉 to the ǫ-frequency position eigenvector with
helicity λ
pǫλ (x) =
2ǫ0
~
〈
ψ|ψ˜
〉 |ψǫλ (x)|2 (54)
=
|ψǫλ (x)|2∑
ǫ,λ=±
∫
dx |ψǫλ (x)|2
is positive definite.
A one-photon state can be Fourier expanded as
|ψ⊥ (t)〉 =
∑
λ,ǫ=±
∫
dk
(2π)
3
2ωk
cǫλ (k, t) |1λ,k〉 . (55)
Eqs. (44), (45) and (46b) give 〈Eλ (x) |1λ,k〉 /ωk =
〈Aλ (x) |1λ,k〉 so that |1λ,k/ωk〉 ∈ H and |1λ,k〉 ∈ H∗.
Substitution in (51) then gives the dual state vector
∣∣∣ψ˜⊥ (t)〉 = ∑
λ,ǫ=±
∫
dk
(2π)
3
2
cǫλ (k, t) |1λ,k〉 . (56)
The probability amplitude for a transition to a ǫ-
frequency plane wave state with wave vector k
and helicity λ is proportional to 〈1λ,k|ψǫ (t)〉 =〈
1λ,k/ωk|ψ˜ǫ (t)
〉
= cǫλ (k, t) . According to the rules of
7biorthogonal QM outlined in the Introduction the prob-
ability density per photon for this transition is
pǫλ (k) =
|〈1λ,k|ψǫ (t)〉|2〈
ψ˜ (t) |ψ (t)
〉
(2π)3 2
=
|cǫλ (k, t)|2∑
λ,ǫ=±
∫
dk |cǫλ (k, t)|2
. (57)
Time dependence of cǫλ (k, t) indicates the presence of
a source. When a photon is emitted by an atom, the
expectation value of the photon number is smaller than
one and approaches unity as t → ∞. If |ψ⊥ (t)〉 is nor-
malized so that n (t) =
〈
ψ˜ (t) |ψ (t)
〉
is the number of
photons, the probability density for kµ = (ǫωk,k) is
|cǫλ (k, t)|2 /
[
(2π)
3
2
]
while the probability density to find
a photon at x on the hyperplane σ is |ψǫλ (x)|2 2ǫ0/~. In
the SP the photon position operator (42) can be written
as
x̂SP (k) = Êi∇kÊ−1. (58)
The scalar product
〈
E+λ (x) |ψ+ (t)
〉
= 〈Eλ (x) |ψ (t)〉
that leads to an invariant probability to count a pho-
ton is proportional to probability amplitude, not the
electric field. Glauber defined an ideal photon detec-
tor as a system of negligible size with a frequency-
independent photon absorption probability [35]. For the
positive frequency one-photon state |ψ (t)〉 he found that
the probability to count a photon is proportional to
|〈Eλ (x) |ψ (t)〉|2. Glauber considered photodetection to
be a square law process and interpreted it to be respon-
sive to the density of electromagnetic energy, but number
density gives an invariant probability to count a photon
while energy density does not. Indeed, the biorthogonal
completeness relation (48) implies that a basis of ideal
Glauber detectors can be defined provided the state vec-
tor |ψ〉 ∈ H of the photon at hand has been created
by the A · p minimal coupling Hamiltonian. In that
case, |〈Eλ (x) |ψ (t)〉|2 is proportional to photon proba-
bility density.
Here a positive definite particle density is obtained
in the physical Hilbert space according to the rules of
biorthogonal QM summarized in the Introduction. An
alternative approach is to transform the physical fields
to the Foldy representation [36] using the nonlocal oper-
ator D̂−1/4 and its inverse [9]. For photons this nonlocal
transformation leads to the Landau-Peierls (LP) wave
function [6, 38]. The disadvantage to this approach is
that the relationship between the LP wave function and
a current source is nonlocal. Here the fields Aµ (x) due
to the local interaction Hamilton jµ (x)A
µ (x) are calcu-
lated first and the probability amplitude for a transition
to a position eigenvector is then obtained using the in-
variant scalar product (41). These fields have well defined
Lorentz and gauge transformation properties. The pos-
itive definiteness of the probability follows then directly
from the mathematical rules of biorthogonal QM.
An advantage of the second quantized formalism used
here is that multiphoton wave functions can be intro-
duced as in [7, 35, 43]. For example, to the two photon
state |ψ2〉 can be associated the wave function
ψλ1,λ2 (x1,x2, t) = 〈Eλ1 (x1)Eλ2 (x2) |ψ2 (t)〉 (59)
with |Eλ1 (x1)Eλ2 (x2)〉 ≡ Êλ1 (x1) Êλ2 (x2) |0〉 . This
wave function localizes the photons at spatial points x1
and x2 at time t and can describe entangled two-photon
states.
V. WAVE FUNCTION OF A PHOTON
EMITTED BY AN ATOM
The wave function (51) for a photon emitted by a two-
level atom initially in its excited state was derived in [5]
and [41, 42], to first order in the IP minimal coupling in-
teraction Hamiltonian ĤI = (e/me) Â (xˆe, t) · pˆe(t) . For
a two-level atom initially in its excited state |e〉 with no
photons present, the positive frequency IP wave function
describing decay to its ground state |g〉 while emitting
one photon is
|ψ (t)〉 = ce (t) |e, 0〉 (60)
+
∑
λ=±
∫
dk
(2π)
3
2ωk
cg,λ (k, t) |g, 1λ,k〉
where
cg,λ (k, t) =
e
me
〈
g, 1λ,k
∣∣∣Â−λ (xˆe, t) · pˆe (t)∣∣∣ e, 0〉 (61)
× 1− e
i(ωk−ω0)t
~ (ωk − ω0) .
Here ~ω0 is the level separation between the ground and
excited states and xˆe and pˆe are the electron position
and momentum operators. For
∣∣∣ψ˜⊥〉 given by (56) the
transverse single-photon state and its dual are thus given
by
|ψ⊥ (t)〉 =
∑
λ=±
∫
dk
(2π)
3
2ωk
cg,λ (k, t) |1λ,k〉 , (62a)
∣∣∣ψ˜⊥ (t)〉 = ∑
λ=±
∫
dk
(2π)
3
2
cg,λ (k, t) |1λ,k〉 . (62b)
In [41, 42] the minimal coupling Hamiltonian created
the photon state vector |ψ⊥〉 in the |Aλ (x)〉 basis so
the appropriate wave function is 〈Eλ (x) |ψ⊥〉. Indeed
we have from (51) and (60)
ψλ (x) = i
√
~
ǫ0
∫
dk
(2π)
3
2
eλ (k) e
−ikµx
µ
cg,λ (k, t) . (63)
The positive frequency wave function of the emitted pho-
ton is calculated, but causal solutions that include nega-
tive frequencies are also considered. Taking into account
8a factor −i in the electric field operator used in [41, 42],
cg,λ = −ic+λ in (55). Substitution of the wave function
ψλ (x) = 〈Eλ (x) |ψ⊥ (t)〉 in (54) gives the probability
density in space to count a photon at time t. Since in
[41, 42] the wave function is normalized as 〈ψ⊥|ψ⊥〉 = 1,
the factor
〈
ψ⊥|ψ˜⊥
〉
in (54) and (57) approaches 1/ω0 as
t →∞.
If the standard (dipolar) E · x Hamiltonian were to
be used instead, the photon would be created in the
|Eλ (x)〉 basis and the appropriate wave function would
be
〈
Aλ (x) |ψ˜⊥ (t)
〉
.
VI. CONCLUSION
The formalism of biorthogonal systems can be, as we
saw, called in action in relativistic quantum mechanics.
It is particularly well-matched to the relativistic scalar
product. In the biorthogonal formalism, both the
Wigner-Bargmann quantum field operator (for photons,
the vector potential) and its canonically conjugate
momentum (for photons, the electric field) are put
on an equal footing, and they generate respectively
the direct and the dual basis of position eigenvectors
of two different position operators, which are the
Hermitian conjugate of each other. Our formalism
further clarifies the meaning of the free parameter α
[22, 41, 43] in the photon position operator. Here, the
freedom in the choice of α allows us to use both x and x†.
The probability density (54) suggests a resolution of
the apparent dichotomy between photon number count-
ing and the sensitivity of a detector to energy density.
The wave function
〈
E+λ (x) |ψ (t)
〉
together with the state
vector (60) describes creation of a photon in the time in-
terval 0 ≤ t′ ≤ t followed by its detection at time t. Since
it is created in the |Aǫλ (x)〉 basis and observed in the
dual |Eǫλ (x)〉 basis, that wave function is proportional
to a probability amplitude. The probability density for
a transition from |ψ⊥ (t)〉 to the position eigenvector at
x, given by 2ǫ0
∣∣〈E+λ (x) |ψ (t)〉∣∣2 /~, is of the Glauber
form [35]. However, in contrast to theories of photodetec-
tion based on energy density, we have proposed, through
the position amplitude
〈
E+λ (x) |ψ (t)
〉
in the dual basis,
a true position measurement that describes an array of
ideal photon counting detectors.
For a state vector that is an arbitrary linear combina-
tion of positive and negative frequency terms the proba-
bility density for a transition to the position eigenvector
at x is positive definite. This particle plus antiparticle
probability density describes a particle at spatial location
x independent of whether it was absorbed or emitted.
Thus (54) can be interpreted as probability density even
if the wave function (51) is real as in classical electromag-
netism. This application of biorthogonal QM is based on
an invariant positive definite scalar product so transition
probabilities are invariant and positive definite, the po-
sition operator is covariant, and there is no NW ω
±1/2
k
nonlocality in the wave function.
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